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Resonance Analysisin 1D
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Figure 1: Horizontal phase space: head-on interactions only, 500urad total crossing angle Q.
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0.581,

7/12=0.583. Left figure: no time dependencies. Right figure: Tune modulation with amplitude=1 x 10~4, fre-

quency=35Hz.
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Figure2: Vertical phase space: head-on interactionsonly, 500urad total crossing angle @, = 0.575, 11/19=0.579.
Left figure: no time dependencies. Right figure: Tune modulation with amplitude=1 x 10~4, frequency=35Hz.



2 Analysisin 1 Degree of freedom

The 1D beam-beam potential is

N
brp/ 202 — e/t dg (1)
Substituting
Nirs
= \2Bidscos gy, O =22
Vb
shows that the potential has the Fourier expansion
U=C [Ug + Z Uy cos 2k’¢m] (2
k=1
BrJ, /B;Jz/(zoﬁp) dw _
Uh(gez) = |, L= e Io(w)] ®)
is the detuning term and
/B*J k BIJI/(zo—op dw
— (=1)F+12 / W mwg 4
Un(55) = (=12 | —e L (w) (4

op
isameasure of the term driving the 2kth order resonance. The complete Hamiltonianis

H(Jy, ¢2) = Vady + U(Jz, ¢2)0p(0) (5)

dp(0) istheperiodic deltafunctionwith period 27 /N p, N;p beingthenumber of uni f or m y di stri but ed
intersection points.

5p(0) = % e N1t
pP=—00
The equations of motion are
d¢x o C1NIP / 1 & / ik - —ipNip
= Vs o —[Uy(Jz) + §k§oc Up(Jz)e }p:z:ooe (6)
dJ, CNIP s 2k XN
— kU, ( ik ipNrp 7

2.1 The Sowly Varying Hamiltonian

Assuming that the tune is close to one resonance we will average over the fast oscillating termsin
the above Hamiltonian. and retain only the corresponding phase in the averaged Hamiltonian. The
averaged Hamiltonian is

CNIP

H=uv,J, + (Uo(Jz) + U(Jy) cos(2ko, — pNip0)] (8)

Transforming to aframe rotating W|th the resonant tune pN;p /2k yields the new Hamiltonian
CNrp

H=45J+ [Uo(J) + Up(J) cos(2k1)] 9)

where ¢ is the distance (in tune space) to the resonance,
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Figure 3: Scaled tune shift as a function of amplitude a

2.1.1 Tuneshift and resonance driving terms

Define
NyryN, 265
A:M, a= . X = a0pCoS Py.
2myp Tp
The tune shift parameter for anti-protons assuming round beamsis

. Nb?ﬂﬁﬁ* . Nb']"ﬁ

= = 1
T V0o AT VpEp (0
The tune shift with amplitudein the lab frameis
Ay — é‘NIP 1 — e—(afrp/(%—op))?IQ((ao_ﬁ/<2o_Op))2) (11)
(a0p/(200p))?
lir% Av =&Ngp, (}Lrgo Av =0 (12
At large a, the detuning amplitude decreasesas Av o 1/a?.
The resonance driving amplitude A,y is
02 e (@5 oo)’ [ (005 (20,p))?
Ay = AUL(J) = 8NP ’;(2( 2/ (290))") (13)
p
It vanishes both at the origin and at infinity,
(lli_{% Az =0, Jim Ay =0 (14)

Atlargea, Ay, o< 1/a3, i.e. it decreases faster than the detuning amplitude.
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2.1.2 ResonanceAction and Fixed Points

The total tune (linear tune + detuning term) at the resonance amplitude equals the resonance tune

pNrp/(2K).
Resonant Action : d+ Av(Jr) =6 + AUN(JR) =0 (15)

or the resonant amplitude ap = \/23*Jr/o; for a2kth order resonanceis (assuming o; = o))

2(3*A 2 (Z2
b —[1— e = (E) =0 (16)

J
i o2af 4

The equations for the fixed points (vf, Jy) are

nm

0 = sin2kty =vp="rn=01.. k-1 (17)
Fixed points : 0 = §+ AUY(J;) + AU () cos(2kiy) (18)
The stability of the fixed points are as
cos 2kyy = —1 Stableif k iseven, Unstableif % is odd.
cos 2kypy = 1 Unstableif kiseven  Stableif k isodd.

Stable fixed points for any k£ are at l|larger actions than the resonant
action Jp
Unstabl e fixed points are at smaller actions than Jg.

However the difference between the fixed point actions and the resonance action will be small.

2.1.3 Idand Width and Island Tune

The half width of theresonanceidandin J is

(19)

Caveats:
i) Thisexpressionfor AJ isvalidaslongas AJ < J.
i1) Theresonances which have been neglected to obtain the 1 resonance Hamiltonian must be far away.

The island width measured in tune units (or half the stopband width)

Avy, ~ AUV (J)A Ty = 2A,/UY () Ur(J,) (20)

The tune of small amplitude oscillationsin theisland is

vis = 2k A UL (J)UR(J,)] (21)
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Figure 4: Resonance Order 2k driving amplitude as afunction of amplitude a

Tevatron Parameters

Tunes Q). @, 0.581, 0.575
Beam-beam tune shift/IP for p 9.89x 1073
Number of interaction points N;p 2

12th order resonances (horizontal phase space)

Resonant amplitude ar 5.37 05
(Stable, unstable) fixed points (5.46,5.29) 0,
Resonance half width in amplitude 0.599 0;
Resonance half width in tune 4.77x1074

Island frequency 136 Hz
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Figure 5: Horizontal phase portrait with initial conditions. zo = 5.40, pcos7/12,x5 = —5.40, psinm/12, initia y

amplitudea, = 0.4. Theislands are very close to the locations predicted by the 1D resonance analysis. Theislands persist
at this z amplitude until a,, < 1.5. At higher y amplitudes, the resonance amplitude in = decreases, e.g. & a, = 2.0, the
resonance amplitudeinz isag = 5.0.



